Abstract
employees through vehicles such as DC plans.
23
In a DC plan, the employee contributes a fraction of her salary to a tax-advantaged account. This 24 amount is often matched by the employer. The employee is responsible for managing the investments 25 in the account. An accumulation period lasting 30 years would not be unusual, followed by a de-26 accumulation (retirement) phase of another 20 years, so the employee could end up managing a 27 significant portfolio for 50-60 years. This makes participants in DC plans truly long-term investors. This study deals with the accumulation phase. Several observers have expressed doubts about eters fit from the entire historical time series. Second, we compare the strategies using bootstrap resampling of the actual historical data (Politis and Romano, 1994; Cogneau and Zakalmouline, 123 2013; Dichtl et al., 2016) . We emphasize that all strategies enforce realistic constraints, e.g. no 124 short sales or leverage, no trading if insolvent, discrete rebalancing, etc. This is important because 125 unconstrained dynamic mean-variance strategies may involve the use of highly levered portfolios 126 (Lioui and Poncet, 2016 ).
127
Our main results are as follows:
128
• For a lump sum investment in the synthetic market with continuous rebalancing, a constant 129 proportion strategy is superior in the mean-variance sense to any deterministic glide path.
130
• For a discretely rebalanced long-term portfolio with regular periodic contributions, the optimal 131 deterministic strategy gives only a very slight improvement (under mean-variance criteria) over 132 a constant proportion strategy.
133
• The risk-reward tradeoff given by the optimal deterministic strategy for a portfolio with regular 134 contributions does not improve much if the portfolio is rebalanced more often than annually.
135
This implies that infrequent rebalancing is not costly in terms of mean-variance criteria, while 136 offering the benefits of lower trading costs.
137
• The optimal adaptive strategy typically reduces the standard deviation of the terminal wealth 138 by a factor of about two compared to the optimal deterministic strategy having the same 139 expected final wealth. The median terminal wealth for the adaptive strategy is always higher 140 than the mean value. In contrast, in the deterministic strategy case the median terminal 141 wealth is always lower than the mean. The probabilities of shortfall for a wide range of 142 terminal wealth values are also substantially reduced for the adaptive strategy compared to 143 the deterministic strategy.
144
• Our strategies are based on very parsimonious models for real (i.e. inflation-adjusted) stock 145 and bond indexes. We test the strategy on bootstrapped resamples of the historical market 146 returns, and we find that our strategy is robust in the real historical market. This is a rather 147 satisfying result: for long-term investors, an adaptive strategy based on a parsimonious model 148 of real stock and bond returns is superior to deterministic glide path strategies.
149
Our overall conclusion is that the current deterministic strategies used in most TDFs are sub-150 optimal relative to adaptive strategies. While it is unrealistic to assume that individual investors 151 could determine optimal adaptive strategies themselves, it certainly is possible for sophisticated 152 financial intermediaries to provide them to their clients.
153

Formulation
154
For simplicity we assume that there are only two assets available in the financial market, namely a 155 risky asset and a risk-free asset. In practice, the risky asset would be a broad market index fund.
156
The investment horizon is T . S t and B t respectively denote the amounts invested in the risky and we assume that S t follows a jump diffusion process. Let t − = t − , → 0 + , i.e. t − is the instant of time before t, and let ξ be a random number representing a jump multiplier. When a jump occurs,
165
S t = ξS t − . Allowing discontinuous jumps lets us explore the effects of severe market crashes on the 166 risky asset holding. We assume that ξ follows a double exponential distribution (Kou, 2002; Kou 167 and Wang, 2004) . If a jump occurs, p up is the probability of an upward jump, while 1 − p up is the 168 chance of a downward jump. The density function for y = log(ξ) is 169 f (y) = p up η 1 e −η 1 y 1 y≥0 + (1 − p up )η 2 e η 2 y 1 y<0 .
(2.1)
For future reference, note that
In the absence of control, S t evolves according to
where µ is the (uncompensated) drift rate, σ is the volatility, dZ is the increment of a Wiener process, having distribution (2.1). Moreover, ξ i , π t , and Z are assumed to all be mutually independent.
173
As an aid to carrying out algebraic manipulations, we can write (2.3) more informally as
where dQ = 1 with probability λ dt and dQ = 0 with probability 1 − λ dt.
175
In the absence of control, we assume that the dynamics of the amount B t invested in the risk-free where r is the (constant) risk-free rate.
178
Remark 2.1 (Parsimonious Model). Equations (2.4)-(2.5) are very simple specifications that as-179 sume both constant equity market volatility and constant real interest rate. In other contexts, these 180 specifications would be overly simplistic. For example, if we were concerned with valuation or hedg-
181
ing of contracts with embedded optionality, it would be important to incorporate stochastic volatility 182 effects. However, our setting involves long-term asset allocation, with infrequent rebalancing. A 183 typical mean-reverting stochastic volatility specification has little impact in this context, since the 184 duration of volatility shocks is typically shorter than the rebalancing period (Ma and Forsyth, 2016) .
185
As for the constant interest rate assumption, recall that we are concerned with real bond indexes.
186
Such indexes have quite low volatility, particularly if the underlying instrument is short-term in 187 nature. We utilize equations (2.4)-(2.5) to determine the optimal strategy in the synthetic market.
188
We apply this strategy to both the synthetic market and also to real bootstrapped data, with similar 189 statistical results. In essence then, equations (2.4)-(2.5) seem sufficient for generating an adaptive 190 strategy which is superior to a deterministic strategy.
191
We define the investor's total wealth at time t as market with two assets following the processes (2.4) and (2.5). Suppose we invest a lump sum W 0
208
at t = 0 in a continuously rebalanced portfolio using a deterministic glide path strategy p = p(t),
209
where p is the fraction of total wealth invested in the risky asset. Also consider a strategy with a 210 constant proportion p * invested in the risky asset, where
Then:
212
(i) the expected value of the terminal wealth is the same for both strategies; and
213
(ii) the standard deviation of terminal wealth for the glide path strategy cannot be less than that 214 of the constant proportion strategy.
215
Proof. Equations (2.4) and (2.5) imply
(3.3)
and noting that p(t) is deterministic, we have
where p * is defined in equation (3.2). Write equation (3.3) as 
. Equation (3.7) and the fact that p(t) is deterministic imply
where σ 2 e = σ 2 + λE (ξ − 1) 2 . This in turn gives
where std [ · ] denotes standard deviation. By the Cauchy-Schwartz inequality The results in Section 3.1 are useful for gaining some intuition about the performance of glide path 266 strategies, but the assumptions of no cash injections and continuous rebalancing are unrealistic. We 267 now consider the implications of periodic cash injections and discrete portfolio rebalancing.
268
Let the inception time of the investment be t 0 = 0. We consider a set T of pre-determined 269 rebalancing times,
For simplicity, we specify T to be equidistant with t i − t i−1 = ∆t = T /M , i = 1, . . . , M . At each 271 rebalancing time t i , i = 0, 1, . . . , M − 1, the investor injects an amount of cash q i into the portfolio 272 and then rebalances the portfolio. At t M = T , the portfolio is liquidated. Let t
be the instant before rebalancing time t i , and t
be the fraction in the risky asset at t + i . This fraction is deterministic, so we can find some simple 275 recursive expressions for the mean and variance of terminal wealth at t = t M .
276
Similarly, let S
, and
. From equations (2.4) and (2.5) we obtain
(3.14)
Since
since p i is deterministic. Define
Following similar steps as used to obtain equation (3.9), we can see that
(3.18)
Noting that
we obtain
From equations (3.16), (3.17), and (3.19), we obtain (again noting that p i is deterministic)
Algorithm 3.1: An algorithm for determining the mean and variance of terminal wealth for a given deterministic discrete rebalancing strategy {p 0 , p 1 , . . . , p M −1 } and a schedule of contributions {q 0 , q 1 , . . . , q M −1 }, assuming the stochastic processes (2.4) and (2.5).
Given a deterministic glide path {p 0 , . . . , p M −1 }, the mean and variance of terminal wealth can be 277 easily computed using Algorithm 3.1.
278
For a given specified expected terminal wealth E W − M = d, the mean-variance optimization problem to determine the optimal glide path can be stated as
Note that we impose no-shorting and no-borrowing constraints 0 ≤ p i ≤ 1, which would be typical 279 in the context of an investor saving for retirement. The objective function for Problem (3.22) can be evaluated very rapidly using Algorithm 3. We now allow the admissible set of controls to depend on the state of the investment portfolio, i.e.
Since we find the optimal strategy amongst all strategies with constant wealth,
We consider the realistic case with discrete rebalancing and 296 periodic contributions.
297
In the case of adaptive strategies, in some circumstances it can be optimal to withdraw cash from 
302
The optimization problem can now be written as
Embedding Approach
303
To solve Problem (4.1), we use the embedding result of Li and Ng (2000) and Zhou and Li (2000) .
Informally, if P * is an optimal control for Problem (4.1), then there exists a W * such that P * is also the optimal control for the problem As noted above, it is optimal to withdraw cash from the portfolio under some conditions. This 307 is easily seen in the context of problem (4.2). Let
be the discounted future contributions as of time t . If
then the optimal strategy is to (i) withdraw cash
portfolio; and (ii) invest the remainder W * e −r(T −t i ) − Q i in the risk-free asset. This is optimal in 311 this case since E (W * − W T ) 2 = 0, which is the minimum of Problem (4.2).
312
In the following, we will refer to any cash withdrawn from the portfolio as a surplus cash flow.
313
For the sake of discussion, we assume that any surplus cash flow is invested in the risk-free asset,
314
but does not contribute to the computation of the terminal mean and variance. Other possibilities 315 are discussed in .
316
Since we do not impose any further constraints on the control set P , the solution of Problem to the pre-commitment solution.
322
Remark 4.1 (Pre-committing to a target). It is easy to see from Problem (4.2) that the pre-
323
commitment aspect comes about from using a constant (real) value of W * set at t = 0. However,
324
if we imagine that this target is based on a desired salary replacement level in retirement, then this 325 pre-commitment to a savings target would appear to be a sensible goal. In addition, the strategy that Appendix A discusses the methods used to calibrate the model parameters to the historical 388 data. We use both a threshold technique (Cont and Mancini, 2011) and maximum likelihood (ML) 389 estimation. The threshold estimator requires a parameter α, described in Appendix A. Briefly,
390
we identify a jump if the magnitude of the observed return in a month is greater than α standard 391 deviations from the mean expected return assuming geometric Brownian motion. Given our data 392 frequency, setting α = 3 is a sensible choice . Annualized estimated 393 parameters using both the threshold method with α = 3 and ML for both the value-weighted and 394 equal-weighted indexes are provided in Table 5 .1. As might be expected due to the small firm 395 effect, the equal-weighted index has slightly higher estimated diffusion parameters (µ and σ). It 396 also has a higher estimated probability of an upward jump, and jumps that tend to be a little 397 larger in magnitude. More importantly for our purposes, the ML parameter estimates imply much Base As a first example, we consider the base case input data summarized in value-weighted and 3-month T-bill indexes and rebalanced annually. 
424
We first use a constant proportion strategy (p = 0.5) and determine the expected value of 425 the terminal real wealth for this strategy. We then use this expected value as a constraint and 426 determine the optimal deterministic strategy, which is the solution of problem (3.22). Finally, we 427 use the same expected value as a constraint and solve for the optimal adaptive strategy (4.1), by 428 using the embedded formulation (4.2).
429
We evaluate the performance of the various strategies using Monte Carlo simulation in the 430 synthetic market. This case constitutes the best possible context for both the optimal deterministic 431 and the optimal adaptive strategies since the associated control parameters are based on perfect 432 knowledge of the stochastic properties of the market.
433 Table 6 .2 compares the results for the constant proportion, optimal deterministic, and optimal 434 adaptive strategies. By design, all three strategies have the same expected real terminal wealth.
435
The optimal deterministic standard deviation is about 0.98 times that of the constant proportion for the deterministic strategy because the market simulations here use parameters and stochastic
449
processes that exactly match those assumed when determining the optimal controls.
450
The intuition underlying the marginal improvement of the optimal deterministic strategy com-451 pared to the constant proportion strategy is as follows. As the time in the strategy becomes large,
452
the marginal amount contributed is small compared to the accumulated wealth (on average), hence 453 the optimal strategy tends to a constant proportion (i.e. this begins to resemble the lump sum case,
454
and we know from Proposition 3.1 that a constant proportion strategy will be superior to any glide 455 path in this case). proportion and optimal deterministic strategies are virtually indistinguishable, reinforcing the con-
468
clusion that deterministic strategies offer at best slight benefits over simpler constant weight alter- .1: Properties of optimal strategies using base case input data from low values of W T , the deterministic strategy has smaller shortfall probability. A standard metric for 472 measuring tail risk is the 95% conditional tail expectation (CTE), which is the mean of the worst 473 5% of the outcomes. The 95% CTE is 306 for the deterministic strategy, compared with 240 for the 474 optimal adaptive strategy. 
Resampled Historical Data -Base Case
476
Although it is useful to examine strategies for synthetic markets with parameters obtained from 477 historical data, it is perhaps more convincing to see how the various strategies would have performed 478 on actual historical data. We use bootstrap resampling to study this.
479
A single bootstrap resampled path is constructed as follows. Suppose the investment horizon is
480
T years. We divide this total time into k blocks of size b years, so that T = kb. We then select 
488
We simultaneously sample the real stock and bond returns from the historical data. This introduces 489 random real interest rates in our samples, in contrast to the constant interest rates assumed in the 490 synthetic market tests and in the determination of the optimal controls.
491
To reduce the impact of a fixed blocksize and to mitigate the edge effects at each block end, we We compute and store the optimal strategies (deterministic and adaptive) for the base case input 498 data from is too large will result in artificially low standard deviations. Table 6 .4 indicates that the results
504
are not too sensitive to expected blocksizes in the range of 0.5 to 2 years. Generally, the results in 505   Table 6 .4 are quite comparable to those from the synthetic market reported in Table 6 .2.
506 Figure 6 .3 shows the cumulative distribution functions for the various strategies computed using 507 bootstrap resampling of the actual historical data. Again, the cumulative distribution function for 508 the optimal deterministic strategy is very close to that for the constant proportion strategy. If
509
we include the surplus cash flow which is available for the adaptive strategy (assumed here to be 510 invested in the risk-free asset), then there is some chance of obtaining W T > 800. risk of the adaptive strategy (relative to the optimal deterministic strategy) is somewhat reduced 514 in the bootstrap simulations compared to the synthetic market tests. In this case, the 95% CTE 515 for the optimal adaptive strategy is 279 compared to 316 for the optimal deterministic strategy 516 (expected blocksizeb = 2 years). The median terminal wealth is more than 20% higher for the 517 optimal adaptive strategy compared to the deterministic strategies for all blocksizes. To provide a second set of examples, we use alternative assets. In particular, as indicated in 520 which is superior to a deterministic strategy. .3: Cumulative distribution functions using base case input data given in Table 6 .1 and corresponding parameters from Tables 5.1 (threshold) and 5.2. Distributions are computed using 10,000 bootstrap resamples historical data from 1926:1 to 2015:12. Expected blocksizeb = 2 years.
Probability of Shortfall
Constant proportion (p = 0. Table 6 .5: Synthetic market results from 160,000 Monte Carlo simulation runs for alternative case input data given in Table 6 .1 and corresponding parameters from Tables 5.1 (threshold) and 5.2. The expected surplus cash flow for the optimal adaptive strategy is 51, assumed to be invested in the risk-free asset.
Synthetic Market -Alternative Case
531 Table 6 .5 presents the results for the constant proportion, optimal deterministic, and optimal adap-532 tive strategies. The results are very similar in qualitative terms to those seen earlier for the base 533 case in Table 6 .2, though investing in these two assets leads to a terminal wealth distribution with 534 a higher mean and standard deviation relative to using the value-weighted index and 3-month T-535 bills. We continue to observe that the optimal deterministic strategy barely outperforms a simpler 536 constant weight alternative, while the optimal adaptive strategy offers dramatically lower standard 537 deviation and shortfall probabilities (except for the extreme left tail, as discussed shortly below).
538
In this case, the median terminal wealth for optimal adaptive strategy exceeds the median terminal 539 wealth for the deterministic strategy by more than 40%.
540 Figure 6 .4(a) shows the optimal controls for the deterministic strategy. This is similar to the 541 plot shown earlier in Figure 6 .1(a) for the value-weighted index, but here we focus only on the case 542 with T = 30 years. Again, over time the additional contributions tend to get small relative to the 543 accumulated wealth, so the fraction invested in the equity index tends to a constant proportion. control p(W t , t). As with the value-weighted case shown above in Figure 6 .1(b), there is a wide 546 range between the 20th and 80th percentiles. Reflecting accumulated wealth from realized returns, 547 the optimal adaptive strategy often departs from the median allocation after about the first decade.
548
Figure 6.5 compares the cumulative distribution functions for the three strategies. Once again, 549 the cumulative distribution for the optimal deterministic strategy is almost identical to that for the 550 constant proportion strategy. The optimal adaptive strategy again sacrifices the extreme upside 551 for protection against a wide downside range, but remains exposed to more left tail risk. In this 552 case, the 95% CTE is 226 for the optimal adaptive strategy and 345 for the optimal deterministic 553 strategy. 
Resampled Historical Data -Alternative Case
555
We use similar bootstrap resampling procedures as described above in Section 6.1.2, but this time 556 for the alternative case with the equal-weight equity and 10-year Treasury indexes. Table 6 .6 shows 557 the results for expected blocksizes ranging from 0.25 to 5.0 years. In all cases, the optimal adaptive 558 strategy has higher average real terminal wealth with significantly lower standard deviation and 559 shortfall probabilities for W T = 700 and W T = 900. In addition, the median final wealth is 560 about 30% higher for the optimal adaptive strategy compared to the deterministic strategies for all 561 blocksizes.
562 Figure 6 .6 shows the cumulative distribution functions for the various strategies computed using 563 bootstrap resampling of the historical data. If we include the surplus cash flow, it appears that the 564 adaptive strategy is almost first order stochastically dominant compared to the optimal deterministic 565 strategy. The left tail risk measure (95% CTE) is 336 for the optimal adaptive strategy and 382 for 566 the optimal deterministic case. The optimal deterministic strategy again offers at most a marginal Table 6 .6: Stationary moving block bootstrap resampling results for alternative case input data given in Table 6 
At each contribution date t i we have
From the results in Section 3.1, it is easy to see that for a continuously rebalanced deterministic strategy with equity fraction p(t) Note that we can consider the continuously rebalanced strategy as the limit of a discretely 581 rebalanced strategy, where we divide the contribution interval (t i , t i+1 ] into sub-timesteps, and let 582 the size of the the sub-timesteps tend to zero. We allow different controls during each sub-timestep.
583
Since the set of admissible controls for the limiting continuously rebalanced strategy is clearly larger 584 than for the discretely rebalanced strategy, the variance of the continuously rebalanced strategy (for 585 a fixed expected value) cannot exceed the variance of the discretely rebalanced strategy.
586
Before proceeding with our computations, the following result will be useful:
587
Proposition 7.1 (Optimal strategy: continuously rebalanced, deterministic case). Consider a mar-588 ket with two assets following the processes (2.4) and (2.5), with periodic contributions at discrete 589 times t i . The mean-variance optimal continuously rebalanced deterministic strategy is to rebalance 590 to a constant equity fraction between contribution times.
591
Proof. Consider any strategy p(t). Replace this strategy by the piecewise constant strategy with p * i given in equation (7.5). Equations (7.4) now become
where E[·] * indicates that the strategy (7.6) is used. This new strategy has the same expected value 593 as the original strategy, so that E W
we need only to show that E G
(3.12), (7.4), (7.5), and (7.7), we have E G
. From equation (7.3) and the fact that be found by using Algorithm 7.1 and solving the optimization problem (3.22), using the methods 601 described in Section 3.3. Table 7 .1: Comparison of discretely and continuously rebalanced strategies for input data given in Table 6 .1 and corresponding parameters from Table 5 .1 (threshold) and 5.2. In each case, E[W T ] is set equal to that for a discretely rebalanced constant proportion strategy, as in Tables 6.2 
612
The optimization problem for these alternatives can be written as Wang and Forsyth (2011) . reported above for the 240 for the optimal adaptive strategy and 306 for the optimal deterministic Case 1 strategy is 305, slightly below that for the optimal deterministic strategy and somewhat
634
higher that for the optimal adaptive strategy.
635
Turning to the alternative case input data, we compare the results from and shortfall probability for moderate levels of final wealth). It does, however, underperform in the 645 extreme left tail. The time-consistent Case 2 strategy gives the worst performance across the board.
646
The time-consistent Case 1 strategy gives better left tail performance than the optimal adaptive 647 strategy, but its performance is not as good as the optimal deterministic strategy by this criterion. 7
648
Qualitatively similar results are obtained for the resampled historical data tests, which we omit for 649 brevity.
650
6 The 95% CTE for the time-consistent Case 1 strategy was 310, compared to 226 for the optimal adaptive strategy and 345 for the optimal deterministic strategy.
7 Further comparisons of pre-commitment and time-consistent mean variance solutions for a variety of problems with realistic constraints can be found in Wang and Forsyth (2012) .
Conclusion
651
We compare optimal deterministic strategies to simpler constant proportion alternatives, based on 652 minimizing the variance of terminal wealth for fixed expected terminal wealth. We find that the 653 best possible deterministic strategy gives at most very slight improvement over the simpler constant 654 proportion strategy. Moreover, the efficiency of these strategies is not compromised in any significant 655 way by relatively infrequent (i.e. annual) rebalancing, as opposed to being continuously rebalanced.
We also compare optimal deterministic strategies to optimal adaptive strategies, based on the 657 same type of mean-variance criteria. Under both synthetic markets and bootstrap resampling of 658 historical data, we observe that:
659
• The standard deviation of terminal wealth (for fixed mean wealth) is reduced by a factor 2 660 for the adaptive strategy compared to the optimal deterministic strategy.
661
• Over a wide range of terminal wealth values, the probability of shortfall for the adaptive 662 strategy is much reduced compared to the deterministic strategy.
663
• The median value of the final real wealth for the adaptive strategy is 20 − 40% higher than 664 the median values for the deterministic strategies.
665
In addition, we show that enforcing time-consistency leads to significantly reduced performance in 666 terms of final wealth, except for the extreme left tail of the distribution. This is especially true for 667 the case considered with non-constant risk-aversion.
668
However, there are some disadvantages for the adaptive strategies:
669
• There is a smaller probability of very large gains. This is to be expected from the form of the 670 embedded mean-variance problem: we try to minimize the quadratic shortfall with respect to 671 W * , i.e. we sacrifice large gains in exchange for downside protection. We believe that this is 672 a reasonable compromise for retirement saving.
673
• The 95% CTE level is smaller for the optimal adaptive control compared to the optimal 674 deterministic strategy (i.e. there is larger left tail risk). An analysis of the cases which generate 675 these poor results shows that this occurs for 30 year paths where the total return on equities 676 is zero or negative. In this case, of course, there is some protection with the deterministic 677 glide path, which moves into bonds as time goes on. In contrast, the adaptive strategy is 678 fully invested in equities, since the accumulated wealth is always well below the target. This 679 has historically been a good bet, but in the case of a 30 year stagnation in equities, it will 680 certainly underperform.
681
Note that the 95% CTE for the adaptive strategy is higher for the bootstrap resampled simu- Mancini (2011). This procedure is considered to be more efficient for low frequency data.
719
Suppose we have an estimate for the diffusive volatility componentσ. Then we detect a jump volatility. An iterative method is used to determine the parameters (Clewlow and Strickland, 2000) .
723
The intuition behind equation 
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